1. Introduction.-The differential geometry of the manifold of the r parameters a', a2, ... ., a' of an r-parameter continuous group of transformations si= si(X1p X2, . .., X"; a', a2,. .., at) (i= 1,2 .*.,n has recently been studied by Cartan' with the aid of ingenious geometric methods peculiar to his way of looking at an affinely connected manifold.2 From the analytic and invariant-theoretic standpoint, however, Cartan's geometric methods are by no means the last word on the subject. Furthermore, the proof of many of his theorems bring into play the variables xl, x2, .. ., x". It is the purpose of this paper to develop some of the essential results of Cartan's theory analytically in such a way as to make the theory applicable to finite continuous groups of functional transformations in function space as well as to point transformations in ndimensional space, and to exhibit various fundamental tensor invariants of the manifold in an arbitrary co6rdinate system.
A simple example of an r-parameter group of functional transformations is given by What we have to say will apply equally well to finite continuous groups G in any abstract space for which a continuous group theory is possible. The central feature of all these group theories is found in their possession of an r-dimensional manifold: the manifold of the r-essential parameters of the group. We shall call this manifold the group manifold of the group G.
2. The Three Coefficients of Connection.-The allowable point transformations in the group manifold are given by either of the two parametergroups R, and R2 of G Ri: a' = f'(al, a2,. . .,a; bl, b2,. . .,bT) (i = 1, 2,. . .,r)
(1) R2: ai = f (b, b2,. . .,by; a', a2. . . . a) (i = 1, 2,. . . ,r).
(2) The two parameter-groups R, and R2 essentially translate the fact that the O r transformations in G actually form a group.
Let" Uaf = X(a) a corresponds to the parameter-group R1 and the second to the parameter-group R2.
If we multiply both sides of (12) by dI4(A) and sum on a and j3, we arrive at the relation -Qa + PS= .
We are thus led to the following fundamental theorem. Theorem 1. If Ps , is the coefficient of connection formed from the first parameter-group R1, then Q -= POa is the coefficient of connection formed from the second parameter-group R2.
The geometry of paths9 determined by a= /2(poSO + P,@a) (14) is thus the same for both parameter-groups R1 and R2.
3. Curvature Tensors of Asymmetric Connections and the Torsion Tensor.-Let Qt = 1/2(Piaf -Ppa).
(15)
Thus it is clear that the torsion tensor'0 based on the asymmetric connection Qi is equal to Co.
The torsion tensor l.m can be expressed in terms of the group structural constants C$, and the vectors (. In fact, on multiplying both sides of (8) For the sake of clarity we note that the point with coordinates a = is the origin of the special coordinate system. Since the parametergroup R, is simply transitive it follows that the Jacobian of the transformation (18) does not vanish at the point a' = q' and hence (18) is a reversible transformation in the neighborhood of that point.
It is a consequence of (17) that (19) is an abbreviation for the operation whi'ch evaluates the quantity within the parenthesis at the origin of a canonical coordinate system. The omission of the bars above the quantities in the parenthesis need not cause any confusion.
Theorem 2. The curvature tensors Piki and Q, of the parameter-groups. R, and R2, respectively, vanish.
To prove the first part of this theorem we proceed as follows. By means of (19) and (16) 
From the transformation (18) we see that ak= (k) when a' = q ba-ĩ~* * (25) ak= Ak) when a = q.
The tensor law of transformation of BI,, coupled with the results (24), (25) and the fact that the origin of canonical coordinates is arbitrary leads us to the following expression for the curvature tensor in an arbitrary coordinate system BJa= 1/4CPa C'g7 (r 4a) 4jca 4$ ) (26) On differentiating equations (26) with respect to am when the equations are referred to a system of canonical coordinates a' and evaluating the resultant expression at the origin of this system, we obtain by virtue of (21) and the identities (9) the fact that The final step in the proof of theorem 5 consists in showing the validity of the replacement process. Since the procedure is identical with that used in the various replacement theorems of the geometry of paths,'3 we spare the reader the calculations.
6. Integral Invariants.14-The following theorem is of importance in the calculation of invariants of continuous groups by integrations in the group manifold.
Theorem 6. The functionals Af IA' dalda2... da
and Jb| i) |dal da2...dar (35) are integral invariants of the parameter-groups R2 and R1, respectively. A necessary and sufficient condition that (34) be an integral invariant of the parameter-group R2 is that the determinant IA") satisfy the system of partial differential equations This result coupled with the relation (12) ' The repetition of an index in a term will be used to denote summation with respect to this index over the integral values 1, 2, ..., r. We shall also understand that free indices can take on any integral value 1, 2, .. ., r.
